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Abstract. Degeneracy loci polynomials for quiver representations generalize several important 
polynomials in algebraic combinatorics. In this paper we give a nonconventional generating 
sequence description of these polynomials, when the quiver is of Dynkin type. 



1. Introduction 

Associate nonnegative integers to the vertices of an oriented graph. This combinatorial data 
determines a so-called quiver representation of a group F on a vector space V. If the underlying 
unoriented graph is of simply laced Dynkin type, then the quiver representation has finitely many 
orbits. Let fl be one of these orbits. The main object of this paper is the equivariant fundamental 
class 

p] G H^{V). 

The ring H^{V) is a polynomial ring, hence one calls the class [Q] a quiver polynomial. 

Quiver polynomials are universal polynomials expressing degeneracy loci. Tracing back the 
definitions of equivariant cohomology we obtain that quiver polynomials are universal polynomials 
representing degeneracy loci. We will illustrate this statement with the following example. Let 
Si and S2 be bundles of rank ei and 62 over the compact complex manifold X, and let be a 
bundle map Si — t- S2 which satisfies a certain transversality condition. Let r < Ci < 62, and 
define the degeneracy locus 

= {x eX : rk(0^ : (Si)^ ^ {S2)x) < ei - r.} 

The Giambelli-Thom-Porteous formula claims that the fundamental cohomology class [fir(0)] € 
H*{X) can be expressed as det {cr+j-i{Sl — S^)). j^-^^ e2-ei+r- '^^^ polynomial det (cr+j-i)- j is 
a quiver polynomial. It only depends on the combinatorial data • • (the graph), 61,62 (the 
ranks of the bundles), r (the orbit). Nevertheless it has the universality property that substituting 
Ci{Sl — S2) into the variables Ci, the polynomial expresses the fundamental class of the degeneracy 
locus flr{4>)- 

Quiver polynomials are analogous universal polynomials for more complicated degeneracy loci. 
This more complicated setting involves more than two vector bundles over X (the vertices of the 
graph), with some bundle maps among them (the edges of the graph). The degeneracy locus is 
then defined by degenerations of a diagram of linear maps between vector spaces. 

History. Quiver polynomials of Dynkin type generalize several important polynomials in Alge- 
braic Combinatorics, for example the Giambelli-Thom-Porteous formulae jPj, the double Schur 
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and Schubert polynomials of Schubert calculus |Flj . and the quantum [FGPj and universal Schu- 
bert polynomials |Flj . 

There has been a lot of activity in the past decade or so, to find various formulae and/or 
algorithms to calculate quiver polynomials of certain Dynkin types, such as |Blt IB2t IBFRt IBFt 
IBKTYl [BRl [BSYl lFR2l iFGPl IK^ IKMS] . By now we can claim that there are effective methods 
to find any such quiver polynomial. The three papers that approach the problem for general 
quivers of Dynkin type A,D,E are |FR2j . |KnS] . and |B2] . 

The structure of quiver polynomials. The key challenge of the theory is understanding the 
structure of quiver polynomials. The following two phenomena have been discovered/conjectured: 

• Stability. In |FR3] the authors study an analogous problem: Thom polynomials of sin- 
gularities. They find that equivariant fundamental classes display unexpected stability 
properties |FR3t Theorems 2.1, 2.4], which enables them to organize infinitely many such 
classes into a (nonconventional) rational generating sequence. This phenomenon is fur- 
ther developed and organized in |BSzj , |FR4j , |K3j (under the name of Iterated Residue 
generating sequence). Theorem 2.1 of |FR3j applies to quiver representations as well. 

• Positivity. In |B2] Buch proved that quiver polynomials are linear combinations of certain 
products of Schur polynomials. He conjectured that the coefficients in this expression are 
all non-negative. These coefficients provide a wide generalization of several combinatorial 
constants in the style of Littlewood-Richardson coefficients. The usual techniques of 
proving positivity in equivariant cohomology (such as geometric intersection numbers, 
Grobner degenerations, interpolation theory, counting arguments) so far failed to prove 
Buch's conjecture. 

In this paper we prove an Iterated Residue description of quiver polynomials. This description 
reduces Buch's conjecture to a positivity conjecture on the coefficients of certain expansions of 
rational functions. R. Kaliszewski [Kaj has promising initial results towards proving this algebraic 
positivity conjecture. 

The author thanks J. Allman, A. S. Buch, L. Feher, R. Kaliszewski, M. Kazarian, and A. Szenes 
for valuable discussions on the topic, as well as the hospitality of MPIM Bonn and the University 
of Geneva. The author was partially supported by NSF grant DMS-1200685. 

2. Combinatorics of polynomials 

2.1. A-polynomials, Schur polynomials. Let c„ be elements of a ring for n G Z. Assume 
that Co = 1 and c„ = for n < 0. Write K = {cn)nez- Let A = (Ai, . . . , A,.) G Z*" be an integer 
vector. 

Definition 2.1. Define the A-polynomial 

Aa = AA(K) = det icx,+,-i),j=,_,. 

If A is a partition, ie. if Ai > A2 > . . . > A^, then we call a A-polynomial a Schur polynomial. It 
is known that if the underlying ring is Z[ci, C2, . . .], then the Schur polynomials form an additive 
basis of this ring. 
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When we want to emphasize that a A-polynomial is not a Schur polynomial, then we call it a 
fake Schur polynomial. Observe that a fake Schur polynomial is either 0, or is equal to plus or 
minus a Schur polynomial. For example A34 = 0, A14 = — A32, A154 = A433. 

2.2. The C and A-operations. Let p be a positive integer. For all = 1, . . . ,p let = 

(cfcn)nez be a set of elements in a ring, as in Section [TTl In particular, for all k we have c^o = 1 
and Ckn = for n < 0. 

Let Ai, . . . , Ap (I Afc I = rjt) be disjoint finite ordered sets of variables: A^ = {uki, ■ ■ ■ , Ukr,,}- 
Definition 2.2. For a Laurent monomial in the variables A^ define 

\k=ls=l J \fc=l s=l / k=\s=\ 

For an element 0/ Z[[m^^"'^]], which has finitely many monomials with non-0 C -value, extend this 
operation linearly. 

Definition 2.3. For a Laurent monomial in the variables U^Ak define 

^ (flll-t) = (flflnt) = fl a... ..,.(k.) 

\fc=l s=l / \A;=ls=l / k=l 

For an element ofZ[[ufg]], which has finitely many monomials with non-0 A.-value, extend this 
operation linearly. 

Example 2.4. Let Ai = {ui,U2}, A2 = {fi,f2}, A3 = {w}, and let Ki = (c„), K2 = K3 = (dn). 
Here are some examples for the C and A-operations. 

• C {ululvfylw"^ + ululvlv2W^ + uluj + Vi^V2 + Mj^^-U^^) = 

C2Cid5did2 + C2Cidid2d3 + C1C4 + d^i c/2 + C„i C„2 • 



• C{u1u2{Ui — U2)) = C{ulul — ulul) = C3C2 — C2C3 = 0. 



cj + 02. 



• C (^f^^ = C{UiU2 + Ul + UIU2^ + 

• ^{u\u\vlv\w'^ + u\u\v\vlw^ + u\u\ + v^^vl + U{^U2'^) = 
A2i(Ki)A5i(K2)A2(K2) + A2i(Ki) Ai2(K2) A3(K2) + Ai4(Ki) + A_i,2(K2) + A_i,_2(Ki) . 

-A32(Ki) -Aio(K2) 

• ^ = ^(^1^2 + ul + UIU2' + ...) = An(Ki) + A2o(Ki) + A3,-i(Ki) + . . . . 

V "2/ V ' 



Here we used a convention, that we will keep using in the whole paper: by the rational function 
1/(1 —x/y) we always mean its expansion in the |x| ^ \y\ range, that is, 1 + (x/y) + (x/y)"^ + . . .. 

The two defined operations are related with each other. 
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Lemma 2.5. Let A = {ui, . . . ,Ur}, and let f be a function in these variables. Then 

(^/■n(i-^)]=^A(/)- 

The proof is an application of simple properties of the determinant and the discriminant 
— Ui/uj), illustrated by the following special case: 

C {{uluDil - ui/u2)) = C {ulul - ul4) = cgcs - C9C4 = Ass = Mulul). 
We leave details to the reader. 

2.3. Constant-term formula. The following lemma is a reformulation of the definition of C. 
Lemma 2.6. Let Kk = (ckn), Ak = {uks}- Then 

ct:;A;(/K.)) = |/K.)-nf:^^| ^ 

k,s n=0 j 

where { means the constant coefficient in the Uks variables. 

Remark 2.7. Taking the constant term (after shifting of exponents) is an iterated residue 
operation. Hence, we call C and A Iterated Residue operations, c.f. |BSz] . |FR4t Sect. 11], |K3j . 



3. Quivers of bundles, and their characteristic classes 

Let Q = (Q07 Qi) be an oriented graph (the quiver), with the set Qo = {1)2,...,A^} of 
vertexes, and a finite set Qi of arrows. An arrow a G Qi has a tail t{a) G Qo and head 
h{a) G Qo- For i ^ Qo define 

T(i) = {j G Qo |3a G Qi with t{a) = j, h{a) = i}, 

H{i) = {j G Qo |3a G Qi with h{a) = j,t{a) = i}. 

By a Q-bundle over a space X we mean a collection of vector bundles Si, i & Qq. A charac- 
teristic class of a Q-bundle is a polynomial in the Chern classes of the bundles Si, . . . ,Sn. 

Let M-i = ©jeT(i) Sj, and consider the virtual bundle Ai* — S*, where * means the dual bundle. 
Its Chern classes are defined by the formal expansion 

f^,,^. ™ rlf cUM,)(-(r n,.Ti.,(£S^(£,)(-o") 

Let IK, = (c„(A^* —S*))n. We will be concerned with characteristic classes of a Q-bundle that 
can be written as polynomials in UKj. For example, suppose we have sets of variables 



Al = {nil, • • • , Uir^}, . . .,Ap = {Upi, . . . , Uprp}, 
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and numbers ii, . . . , ip G Qq. Then for any polynomial (or Laurent polynomial) / in the variables 
Uks, the expressions 

are characteristic classes of the Q-bundle. 

4. Quiver representations, quiver polynomials 

4.1. Quiver representations, and their orbits. Recall that Q = {Qo, Qi) is an oriented 
graph (the quiver), with the set Qq = {1,2,...,A^} of vertices, and a finite set Qi of arrows 
a = (t(a), h{a)) G Qg- -^i^ ^ dimension vector (ei, . . . , cn) G N^, and vector spaces Ei = 

We define the quiver representation of the group T = xf^^GL{Ei) on the vector space V = 
Q)aGQi B^om{Et(a),Eh(a)) by 

i9i)ieQo ■ (^-)aeQ, = {9h{a) O O d^il)) ^^^^ ■ 

Although some results of the paper are valid for more general quivers, we will restrict our 
attention to the Dynkin quivers, that is, to graphs Q whose underlying unoriented graph is one 
of the simply-laced Dynkin graphs An, Dn, Eq, Ey, E^. For these graphs the quiver representation 
has finitely many orbits }BGP] — for any orientation and any dimension vector. Moreover, the 
orbits have an explicit description, as follows. Consider the set $^ of positive roots, and the 
set {ai : 2 = 1, . . . , A^} of simple roots for the corresponding root system. For a positive root a 
define di{a) by a = J2iLi di{a)ai. The orbits of the quiver representation with Dynkin graph Q 
and dimension vector (ei, . . . , cat) G are in one to one correspondence with vectors 

(2) (rna) G N*^, for which madi{a) = Cj for alH = 1, . . . , iV. 

Note that the list of orbits does not depend on the orientation of Q. The orbit corresponding to 
the vector m = {rria ) G N* will be denoted by n^. 

4.2. Quiver polynomials. The main object of this paper is the F-equivariant cohomology class 
represented by the orbit closure Qm in ^ = ©aeQi Hom(i?t(a), -E/i{a)) i-e. 

[H^] G H^{V). 

There are several equivalent ways to define the equivariant class represented by an invariant 
subvariety in a representation, see for example |Klj . |EGj . |FRlj . |MS[ 8.5], |F3j . Formally we 
follow the treatment in |B2j . which defines the K-theory class of the subvariety, and defines the 
cohomology class as a certain leading coefficient. 

The ring H^{V) is the ordinary cohomology ring H*{BrV) of the so-called Borel-construction 
space BrV. There is a natural vector bundle BrV — >■ BT with fiber V; where BT is the 
classifying space of F. Hence ifp(V^) = H*{Br), the ring of F-characteristic classes. Recall that 
BT = BGL{Ei) X ... X BGL{En) and that over each BGL{Ei) there is a natural tautological 
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vector bundle £i with fiber Ei. Consider the bundles £i over BY. This way we obtained a 
Q-bundle over BY. Recall that Aii = ©j(=T(j) £i, and define 

(3) K, = {c4M*-S:))^ 

Our goal is to express the class [^m] in terms of the characteristic classes UKj. 

5. The main result 



5.1. Resolution pair. First we follow Reineke |Rej to define resolution pairs, see also |B2j . For 
dimension vectors e, / G let (e, /) = J2i=i ^ifi - J2aeQi '=^t{a)fh{a) denote the Euler form for Q. 
Identifying a positive root a with its dimension vector d{a) G by a = J2iLidi{a)o:i (where 
ttj are the simple roots), we can extend the Euler form for positive roots. 

Let $' C be a subset of the set of positive roots. A partition 

(4) $' =XiUX2U...UX, 

is called directed if {a, f3) > for all a, /3 G Xj (1 < j < n), and {a, (3) > > {(3, a) for all 
a & Xi, P & Xj with 1 < i < j < s. A directed partition exists for any Dynkin quiver, see |Re] . 

Let m = (ma) G N*^ be a vector representing an orbit fi^ C V, let $' C be a subset 
containing {a : nia 7^ 0}, and let $' = Xi U . . .UX^ be a directed partition. For each j G {1, . . . , s} 
write 

Let i*'-'^ = {ii, . . . ,ii) be any sequence of the vertices i G Qo for which p^'' 7^ 0, with no vertices 
repeated, and ordered so that the tail of any arrow of Q comes before its head. Let r^^^ = 
{pI''^\ . . . ,Pii^)- Finally, let * and r be the concatenated sequences i = i*-^-' i''^^ . . and r = 
r^"^) . . . r^^). The pair i, r will be called a resolution pair for fi^- 

5.2. Resolution variables, generating functions. For the resolution pair 

i = {ii,...,ip), r = (ri, . . . ,rp) 
we define the sets of variables A/. = {u^i, . . . , Ukn,} for k = 1, . . . ,p. Set 

l>k l>k l>k l>k 

Next we define various functions in the variables A,fc. For 1 < k < p define 

• the monomial factors 

rk 

• the discriminant factors 

D,= n (1- 



rk 



l<i<j<rk 



Uki 
Ukj 
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and the interference factors 



~ 11 n (^ — v±s\ ' 
Theorem 5.1. Recall the definition ofKi from We have 



p 



(5) [^^j = <:::CMn^^^^^'^ 



p 



(6) \n^ = A^;:X^ [llM.hj. 

The right hand sides of ([5]) and (E]) are equal, because of Lemma 12. 51 We will prove ([6]) in 
Section [71 

Remark 5.2. The key ingredient of the above expressions is Ilfc-^fc- can be rewritten as 

p nn n (i - - 

T-r I IveQo i-k<l,ik=ii=v llxeAfc.yeA, \^ y 

{') 11 ^' 



Ik — / 



The resemblance of this formula with the one in Theorem 2 of |KSj for the multiplication in 
the Cohomological Hall Algebra, is not accidental. The connection between COHA's and quiver 
polynomials is explained in |Rij . 

Remark 5.3. Lemma [2.51 allows us to write ([6]) in another equivalent form, as follows. Let Xj 
be the concatenation of alphabets A^^ A^^ . . . Aj^ with ji < j2 < ■ ■ ■ < is and ij^ = . . . = ij^ = i. 
Then 



(8) [n^] = A 



Ki,...,KAr 

i,...,Xjv 



nti Mk 



riaGQi Y[k<l,i^.=t{a),ii=h{a) Y[x€A^.,y€Al (^^ y ^ 



5.3. An A3 example. Consider the quiver 1 — )■ 2 ^ 3. The positive roots of the root system 
A3 are aij = J2i<u<j c^u ior 1 < i < j < 3. Consider the orbit corresponding to the linear 
combination J2i<i<j<3^ij^ij- Let us choose the partition 

= {022} U {ai2, ^23, "13} U {an, 033}. 

This choice induces the resolution pair i = (2, 1, 3, 2, 1, 3), r = (m22, rnu + '^113, "^23 + ^13, mi2 + 
mi3 + m23, mil, 77133). Let Aj,i = 1,...,6 be alphabets of cardinalities respectively. Theo- 
rem 15.11 gives 

1 _ A K2,Ki,K3,K2,Ki,K3 j A mi3+mii+m33 a -mn a -77133 A mil +"133 
ml — ■^Ai Afi -^1 ^2 -^3 ^4 
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Here we used the shorthand notations = Hxex^"^ 1 — X/ Y = Ilxex Ilj/eYl-'- ~ ^/v)- 
This formula can be rewritten in the form of Remark 15.31 to obtain 



K2,Ki,K3 I ^1 ^3 ^4 



(Ai A4),(A2 A5),(A3 Ae) 

It is tempting to call the functions in the arguments "generating functions": One only has to 
change the exponents rriij to obtain the polynomials [flm] for different m values. Nevertheless, 
the lengths of the alphabets also depend on rriij, and the operations C, A are rather delicate. 
Hence, one may call the arguments "iterated residue generating functions" . 



6. Concrete calculations 

6.1. Examples for Consider the quiver 1 — )■ 2 ^ 3. The positive roots of the root system 
A3 are aij = J2i<u<j (^u ioi 1 < i < j < 3. Consider the orbit corresponding to the linear 
combination X]i<j<j<3 ^^^^ show an example with two different choices of (j4]), that is 
two different partitions of the set of positive roots. 
First, we may choose the partition 

= {022} U {ai2, 023, ttis} U {an, ass}. 

This choice induces the resolution pair i = (2, 1, 3, 2, 1, 3), r = {17122, ^12 + "^13, ^23 + ^13, ^12 + 
mis + TT^23, "^33)- For the special case mis = ^12 = ^22 = "^33 = 1 and all other rriij = we 
obtain the dimension vector (2, 3, 2) and have the variables 

Al = {mii},A2 = {u21,U22},-^3 = {^si}, A4 = {U41,M42},A5 = {},A6 = {uqi} 

which we rename u, Vi, V2, w, Si, S2, x respectively. We obtain that 

±. M^sisafl - ^)(1 - ^)(1 - ^)(1 - - ^) 



k=l 



wil - a)(l - - ^)(1 - - ^)(1 - 

\ S-i' ^ S-i' ^ S2' ^ S2' ^ Si' ^ S2' 



Calculation shows that this function is equal to —v? + u^S2 + u^f2+fractions. Hence the corre- 
sponding quiver polynomial is 

(10) [n„] = -4ncrcSnc?)c«, 

where the upper index '^^^ refers to the bundle A^* — S*. 

Now consider the same orbit, that is, the same m, but with the different choice of partition 

$+ = {a22, ai2, "23} U {ais, an, ass}. 

The resolution pair obtained is z = (1,3,2,1,3,2), r = (mi2,m23,mi2 + m22 + ?^23,'^ii + 
^13; "^13 + "^33; ""^13)- After renaming the variables 

Al = {mii},A2 = {},As = {U31,M32},A4 = {m4i},A5 = {u^i, U52} , -^6 = {uqi} 
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to u, wi,W2, s,ti,t2, X respectively, we obtain 
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;il) G2 = llM,D,h 



w 



fe=i 



1 - ^)(1 - ^)(1 - ^)(1 - ^^)(1 - - a 



U 



The functions ([9]) and (fTTj) look similar, but they are essentially different. Let us show how much 
simpler the latter one is for practical purposes. Observe that in (fTT!) the x variable only turns 
up in the factor 



- n E 



This means that the integer part (the sum of the terms without denominators) of (fTTl) is the 
same as the integer part of f|TT]) without this factor. We will denote this relation by the sign 
We obtain 



- - f )(i - 1) - - 1) - 

9 ; ; ~« 

y^(^ 7/, \ / -1 7/, \ 



'1-^)(1-^) ' * m(1 - ^)(1 - 

The last rational function clearly has integer part W\w\ + w\u — wf, showing again that the 
induced quiver polynomial is f lTOj) . 

Remark 6.1. The formulas of Theorem 15.11 will be proved using a geometric construction, 
which is a series of rational maps. Some of these maps will happen to be the identity maps. This 
geometric phenomenon is reflected in the fact that the function G2 can be simplified, as above, 
by removing all the factors containing variables u^s for certain k's. 

6.2. Examples for (I6l). Consider again the quiver Q = 1 — )■ 2 ^ 3, with dimension vector 
e = (2,3,2), and the orbit determined by mis = ^12 = ^22 = = 1 and all other niij = 0. 
Choose the partition 

$+ = {«22, "12, "23} U {ai3, an, ass}. 
The resolution pair obtained is i = (1, 3, 2, 1, 3, 2), 

r = (mi2, m2s, rriu + 11122 + ^23, mu + mis, "^13 + "^33, "^13) = (1, 0, 2, 1, 2, 1). 
We have the variables 

Al = {Uii},A2 = {}, As = {Msi,Us2},A4 = {u4i},A5 = {U51,M52}, Ag = {Wei}, 

which we rename to u, Wi,W2, s, ti, t2, x respectively. We have 

6 2 2 



n tfi tfo 2 2 

^^^^ = „n _ JLV1 _ JL^ = ^1^2 + + 



k=l 

U 



Mil - ^)(1 - ^ 

[wl + W1W2 + vol) + +Wi + + + l^+u^ (^^^ + ... 
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where for the rest of the terms u°'w\w2 at least one of a < 0, 6 < —1, or c < holds — hence, 
their A is 0. From (jH]) of Theorem 15. II we obtain 

Observing that = for any a, as well as s^^*), + s^^^^ = for any a, 6, we obtain 

[^m] = -52^ + Si S2^Q, 

which is, again, equal to (ITOl) . 

7. Proof of Theorem 15.11 

Notation. Let ^ X he a. vector bundle over X (the upper index is optional, it shows 
the rank of the bundle). The pull-back of this bundle along a map p : Y ^ X is denoted by 
p* S ^ Y, or simply hj S ^ Y. The class Cn{S) may mean the rath Chern class of £^ — )■ X or the 
nth Chern class of S ^ Y, depending on context. 

7.1. Gysin map in iterated residue form. The usual description of Gysin maps of Grass- 
mannian (or flag) bundles is either via equivariant localization, or divided difference operations, 
or the combinatorics of partitions. The idea of studying these Gysin maps in iterated residue 
form is due to Berczi and Szenes [BSzl Prop. 6. 4]. The formulas in their natural generality are 
developed by Kazarian |K2j . The following lemma is a special case of |K2] . However, this partic- 
ular statement is easily seen to be equivalent to the usual combinatorial description of the Gysin 
map 71^, see e.g. [FPl Prop, in Sect. 4.1]. 

Lemma 7.1. Let S^^ and be vector bundles over X , and consider the Grassmannization n : 
Gre2-5£'2 X of the bundle £2 (its fiber is Grej-g C^^, the Grassmannian of 62 — q- dimensional 
linear subspaces ofC^^). Let S'^^~'^ £2 ^ Q'^ be the tautological exact sequence of bundles over 
Grej-g £2- Let ui, . . . ,cOq be the Ghern roots of Q, and let ei, . . . , be the Ghern roots of £\. 
Let f be a symmetric polynomial in q variables. Then 

I /(ci, . . . , c.,) n fi(^. - ) = ^t'}.:^f ( /(^i, • • • , n 

=1 r- 



3 



7.2. One step resolution in iterated residue form. Recall that Q = (Q05 Qi) is an oriented 
graph. Consider a Q-bundle over the space X, by which we now mean not only a collection of 
vector bundles £^j' for j G Qo, but also a vector bundle map 0a : £t{a) — ^ £h{a) for every a G Qi. 

Let us choose ^ G Qo and g G {0, 1, ... , Cj}. The numbers i and q will be fixed for the rest of 
the section. Following Reineke [Rej (see also jP], |B2] ) we will describe a construction 

Let TT : Gre-_q£^j — X be the Grassmanization of the bundle £i. Over this space there is the 
tautological exact sequence 0— t-S— T^f^j— t^Q— t-O. Recall that M.^ = Q)jeT{i) £j- Consider the 
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zero scheme X of the composition map Aii Si Q, and its embedding t : X ^ Giei-q£i- 
The Q-bundle {Si, (pa) over X induces a Q-bundle {Si, (pa) over X as follows: 

• Sj = Sj if j 7^ i, and Si = S; 

• (pa = (pa if h{a) ^ i, t{a) ^ i; 

• (pa is the composition S Si Sh{a) if t{ci) = i', 

• (pa : S j ^ S is the unique lifting of (pa : Sj — > £j over X, if h{a) = i. 
Let p = 7[ol: X^X. 

Our goal now is a formula for the Gysin map p*. Consider p sets of variables 

Al = {Uu, . . . , Uir^}, A2 = {U21, . .., U2r2}, • • • , Ap = {Upi, . . . , Upr^}, 

and the numbers Zi,Z2, ■ ■ ■ ,ip € Qo- Let Kj = (c„(A^* — Let be obtained from Kj by 

replacing Si with 5*. (In particular, if j i, j ^ H{i) then = Kj.) Let Aq = {f 1, . . . , fg} and 
io = i. 

Proposition 7.2. For the Gysin map : H*{X) — )■ H*{X) we have 



n 



Proof. Consider 



k=l l<l<j<ri. ^ ""^i/ 



Using Lemmas 12.51 and 12.61 we can write 



(12) 



z = A^;:x^ {f{u,s)) = { 



N 00 / tj* p*\ 

9K.)-nnnE- ^ ' 

j=l ik=j xeAfc n=0 



X" 



where {•••}nfes means the constant term in the Uks variables. Let 



*fe=i a;£Afe n=0 



c„(A^* - S*j] 



c^{M*-S*) 



X" 



^k=j xeAfc n=0 



The appearance of the latter we already indicated in f[T2|) . 

We will study the relation between Pj and Pj for various j's. Along the way we will use the 
formal identity 

cnir-r) n,(i-?) 



n=0 



nz(i-^)' 
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for the Chern roots (resp. (pi) of the bundle S (resp. J-"). 

• If j i, j ^ H{i) then obviously Pj = Pj. 

• Let the Chern roots of Aii = Aii be fii, let the Chern roots of Si = S be cx/, let the Chern 
roots of £i be (3i, and let the Chern roots of Q he ui. Then 

• Let j G Let the Chern roots of Mj be z/;, the Chern roots of Sj be k;, and the 
Chern roots of Aij be 7;. We have 

,k) n,?i-^) - ^-^^ n n n jy^- 

Thus (fT2l) can be written as 
(13) z = n-^" ' tl^ n 



This class is an expression in Chern roots of bundles, all of which pull back via l. Hence, the 
adjunction formula L^,{L*{h)) = h-L^:{l) of the Gysin map implies that l^:{z) is the same expression 
as ffT3l) times 



g rkMi 

i^l) = e{Rom{Mu Q)) = H 11 " '"^■)- 

1=1 j=i 

We can apply Lemma [7?T] to obtain p*(-2) 
This is further equal to 



j=i i<l<j<q LLikeH{i) LLxeAk III x J j=i 



which is — using Lemmas 12.51 and 12.61 — equal to 

LiQ,Lij,...,Lip [ , , TT rkA^i-rk5 TT ^ik=i HagAfc ~ x) 

^Ao,Ai,...,Ap iv^ks) II V- ■ 11 n n (\-^^ ] ' 

\ j/gAo ?;eAo e-ff(i) llxeAfc V x) J 

This concludes the proof. □ 
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7.3. Iterated application of Proposition PfT2l Now we are ready to prove Theorem 15. 1[ Let 
Q be a quiver of Dynkin type, and let be an orbit of a quiver representation. Let i, r be a 
resolution pair for Q^n- 

Let {Si, (pa) -> X be a Q-bundle over the space X. Define the degeneracy locus 

Q{Si,(f)i) = {x e X : {Ei,(f)a)x e Qm}- 

Theorem 7.3. (Reineke [Re, Thm. 2.2]) Let X be the base space of the bundle obtained by 
applying R^^, then R^, etc, up to R^^ to the Q-bundle {Si, (pa) — ^ X. The map 

p:iop^^^o...opl:X^X 

is a resolution of VL{Si,(pi). 

We can apply Theorem 17.31 to maps between the universal vector bundles described in Sec- 
tion 14. 2[ and we get 

PJ = {p\l o o . . . o pj)^ (1) = p-^ (p-^ (. . . (p:;^ (a§(i))) ...)). 

If we apply the statement of Theorem 17.21 at each application of p*, we get the statement of 
Theorem 15.11 

8. On Buck's conjecture 

For an alphabet X = (a;i, . . . , Xr) and a sequence of integers let X'^ be Hxisx "^^i'^- 

can reformulate Buch's conjecture on the positivity of cohomological quiver coefficients, in the 
terminology of the present paper. 

Conjecture 8.1. (Buch |B2j ) For Dynkin quivers we have 

(14) pj = Aj-::{;(/(Xi,...,x^)), 

where 

/ = 5^ C(A,...,A.) X^^ ■ ■ ■ X^- 

with all Xi being partitions (i.e. weakly decreasing sequences) and all C(Ai,...,A]v) ^ Cl- 
in ([H]) we gave an / satisfying flTll) . However, that particular / may not satisfy the positivity 
condition. The challenge in proving Buch's conjecture is to find an / "A-equivalent" to the 
formula in (jHj) but satisfying the positivity conditions. Initial results in this direction are in |Ka] . 

References 

[BSz] G. Berczi, A. Szenes: Thorn polynomials of Morin singularities; Ann. of Math. (2) 175 (2012), no. 2, 
567-629 

[BGP] I. N. Bertein, L M. Gel'fand, V. A. Ponomarev, Coxeter functors and Gabriel's theroem, Usp. Mat. 
Nauk, 28, 19-33, 1973 

[Bl] A. S. Buch: Grothendieck classes of quiver varieties, Duke Math. J. 115 (2002), no. 1, 75-103. 

[B2] A. S. Buch: Quiver coefficients of Dynkin type, Michigan Math. J. 57 (2008), 93-120. 

[BFR] A. S. Buch, L. Feher and R. Rimanyi: Positivity of quiver coefficients through Thorn polynomials. Adv. 
Math. 197 (2005), 306-320. 



14 



R. RIMANYI 



[BF] A. S. Buch, W. Fulton: Chern class formulas for quiver varieties, Invent. Math. 135 (1999), 665-687. 
[BKTY] A. S. Buch, A Kresch, H. Tamvakis, and A. Yong: Schubert polynomials and quiver formulas, Duke 

Math. J. 122 (2004), 125-143. 
[BR] A. S. Buch, R. Rimanyi: A formula for non-equioriented quiver orbits of type A, J. Algebraic Geom. 

16 (2007), 531-546. 

[BSY] A. S. Buch, F. Sottile and A. Yong: Quiver coefficients are Schubert structure constants. Math. Res. 
Lett. 12 (2005), 567-574. 

[EG] D. Edidin and W. Graham: Characteristic classes in the Chow ring, J. Algebraic Geom. 6, no. 3 (1997), 
431-443 

[FRl] L. M. Feher and R. Rimanyi, Calculation of Thom polynomials and other cohomological obstructions for 

group actions. Real and Complex Singularities (Sao Carlos, 2002), T. Gaffney and M. Ruas, Contemp. 

Math., 354, AMS, 2004, 69-93 
[FR2] L. Feher and R. Rimanyi, Classes of degeneracy loci for quivers: the Thom polynomial point of view, 

Duke Math. J. 114 (2002), no. 2, 193213. 
[FR3] L. Feher, R. Rimanyi: On the structure of Thom polynomials of singularities. Bulletin of the London 

Mathematical Society 2007 39: 541-549 
[FR4] L. Feher, R. Rimanyi: Thom series of contact singularities, Ann. of Math., Volume 176, no. 3, 1381-1426, 

November 2012 

[FGP] S. V. Fomin, S. Gelfand, and A. Postnikov, Quantum Schubert polynomials, JAMS 10 (1997) 565596. 
[Fl] W. Fuhon, Universal Schubert polynomials, Duke Math. J. 96 (1999) 575594. 

[F2] W. Fuhon: Young tableaux, Cambridge UP, 1997 

[F3] W. Fulton: Equivariant Cohomology in Algebraic Geometry, Eilenberg lectures, Columbia University, 



Spring 2007, http: / /www. math. washington.edu/~dandersn/eilenberg/ 



[FP] W. Fulton, P. Pragacz, Schubert Varieties and Degeneracy Loci, Springer Lect. Notes Math. 1689 
(1998) 

[Ka] R. Kaliszewski: Ph. D. Thesis, UNC 2013 

[Kl] Kazarian, M. E.: Characteristic classes of singularity theory. The Arnold- Gelfand mathematical semi- 
nars, 325-340, Birkhauser Boston, 1997 
[K2] M. Kazarian: Gysin homomorphism and degeneracies, preprint, 2010 
[K3] M. Kazarian: Non-associated Hilbert scheme and Thom polynomials, preprint, 2010 
[KS] M. Kontsevich, Y. Soibelman: Cohomological Hall algebra, exponential Hodge structures and motivic 

Donaldson-Thomas invariants, larXiv:1006."2706l 2010 
[KnS] A. Knutson and M. Shimozono, Kempf collapsing and quiver loci, preprint 2006 

[KMS] A. Knutson, E. Miller, and M. Shimozono, Four positive formulae for type A quiver polynomials. Invent. 
Math. 166 (2006), 

[MS] E. Miller and B. Strumfels, Combinatorial Commutative Algebra, Graduate Texts in Mathematics Vol. 

227 (Springer, New York, 2005). 
[P] I. R. Porteous, Simple singularities of maps. Proceedings of Liverpool Singularities Symposium, I 

(1969/70), 286307, Lecture Notes in Math., Vol. 192, Springer, Berlin, 1971. 
[Re] M. Reineke: Quivers, desingularizations and canonical bases. Studies in memory of Issai Schur 

(Chevaleret/Rehovot, 2000), Prog. Math 210, pp. 325-344, Birkhauser, 2003 
[Ri] R. Rimanyi: Equivariant fundamental classes and the structure of COHA for Dynkin quivers, preprint, 

2013 

Department of Mathematics, University of North Carolina at Chapel Hill, USA 



Department of Mathematics, University of Geneva, Switzerland 
E-mail address: rimanyi@email.unc.edu 



